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Abstract. We show that there is no monad based on the normal functor H intro- 
duced earlier by Radul which is a certain functorial compactification of the Hartman- 
Mycielski construction HM . 



0. Introduction 

The general theory of functors acting on the category Comp of compact HausdorfF 
spaces (compacta) and continuous mappings was founded by Shchepin [Sh]. He 
described some elementary properties of such functors and defined the notion of the 
normal functor which has become very fruitful. The classes of all normal functors 
include many classical constructions: the hyperspace exp, the space of probability 
measures P, the space of idempotent measures /, and many other functors (cf. 
[FZ], [TZ], [Z]). 

Let X be a space and d an admissible metric on X bounded by 1. By HM {X) we 
shall denote the space of all maps from [0,1) to the space X such that f\[ti, ii+i) = 
const, for some = to < ■ ■ ■ < tn — 1, with respect to the following metric 

dHM{f,9)^ f d{f{t),g{t))dt, f,geHM{X). 
Jo 

The construction of HM{X) is known as the Hartman-Mycielski construction 
[HM] and was introduced for purposes of topological groups theory. However it 
found some applications not connected with groups (see for example [Zl]). 

The construction HAI was considered for any compactum Z in [TZ; 2.5.2]. Let 
14 be the unique uniformity of Z. For every U eU and e > 0, let 

<a,U,e >= {/3 e HMn{Z) \ m{t e [0,1) | {a{t), l3{t')) U} < e}. 

The sets < a,U,e > form a base of a topology in HMZ. The construction HM 
acts also on maps. Given a map / : X — >■ y in Comp, define a map HMX HMY 
by the formula HMF{a) = f o a. In general, HMX is not compact. 
Let us fix some n G N. For every compactum Z consider 

HMn{Z) {/ e HM{Z) I there exist = ti < • ■ • < = 1 

with f\[ti,ti+i) = Zi e Z,i ^ 1, . . . ,7ij. 
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The constructions HMn define normal functors in Cornp [TZ: 2.5.2], 

Zarichnyi has asked if there exists a normal functor in Comp which contains all 
functors HMn as subfunctors (sec [TZ] ) . Such a functor H was constructed in [Ra] . 
Topological properties of the functor H were investigated in [RR] and [RRl] . 

The algebraic aspect of the theory of functors in categories of topological spaces 
and continuous maps was inswestigated rather recently. It is based, mainly, on the 
existence of monad (or triple) structure in the sense of S.Eilenberg and J.Moore 
[EM]. We recall the definition of monad only for the category Comp. A monad 
T = (T, T], fi) in the category Comp consists of an endofunctor T : Comp — >■ Comp 
and natural transformations -q : lAcomp T (imity), fi : ^ T (multiplication) 
satisfying the relations /i o Tr] = n o rjT =1t and /it o = Tfi. (By Idcomp we 
denote the identity functor on the category Comp and is the superposition ToT 
of T.) 

Many known functors lead to monads: hyperspaces, spaces of probability mea- 
sures, superextensions etc. There were many investigations of monads in categories 
of topological spaces and continuous maps(see for example [RZ] or [TZ]). The fol- 
lowing question arises naturally: if the functor H could be completed to a monad? 
We give a negative answer in this paper. 

1. Construction of H 

Let X be a compactum. By CX we denote the Banach space of all continuous 
functions <^ : X — >• R with the usual sup-norm: = sup{|iyj(a;)| ] x G X}. We 
denote the segment [0, 1] by I. 

For a compactum X let us define the uniformity of HMX. For each (f G C{X) 
and a, 6 G [0, 1] with a < bwe define a function <f(a,b) '■ HMX — >• M by the following 
formula 

1 

ip(^a,b) = jr 7 / V ° Oi{t)dt for some a G HMX. 

[0 — a) 

Define 

SHMiX) - I G CiX) and (a, 6) C (0,1)}. 

For (fi, . . . , ifn G SnAiiX) define a pseudomctric Pipi,....i^„ on HMX by the 
formula 

Pvi,...,¥>„(/,5) = ^3.x{\ipi{f) - ipi{g)\ \ i G {l,...,n}}, 
where f,gG HMX. The family of pseudometrics 

V = {Pvu-,v^ I n G N, where t^i, . . . ,i^n e Shm{X)}, 

defines a totally bounded uniformity Urmx of HMX (see [Ra]). 

For each compactum X we consider the uniform space {HX,Uhx) which is the 
completion of {HMX,Uhmx) and the topological space HX with the topology 
induced by the uniformity Uhx • Since Uhmx is totally bounded, the space HX is 
compact. 

Let / : X — > y be a continuous map. Define a map HMf : HMX — >• HMY by 
the formula HMf {a) = foa, for all a G HMX. It was shown in [Ra] that the map 
HMf : {HMX, Uhmx) {HMY,Uhmy) is uniformly continuous. Hence there 
exists a continuous map H f : HX HY such that Hf\HMX = HMf. It is easy 
to see that H : Comp Comp is a covariant functor and HMn is a subfunctor of 
H for each n G N. 
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Let us remark that the family of functions Shm{X) embed HMX in the product 
of closed intervals ]\^^^^^^^Shm{x) ^Via.i) where J^^,^ = [min^jex |</'(a;)|, maxa;ex 
|(p(a;)|]. Thus, the space HX is the closure of the image of HMX. We denote by 
p^^^ : HX — > I,^^^ ^ the restriction of the natural projection. Let us remark that 
the function HJ could be defined by the condition p^^^ °Hf = P((^o/)(„ for each 
¥'(o,b) G Shm{Y). 

We will use some properties of the functor H proved in [Ra]. Since the functor 

H preserves embeddings, we can identify the space HA with Hi{HA) C HX for 
each closed subset A C X where i : A ^ X is the natural embedding. We can 
define for each a G HX the closed set supp a = n{j4 is a closed subset of X such 
that a G HA}. Since H preserves preimages, we have a G -ff(suppQ:). 

It follows from results of [Ra] and Proposition 5.6 from [Fe] that there exists a 
unique natural transformation r] : Idcomp H defined as follows r]X{x){t) = x for 
each t G [0, 1), where x E X. In other words we have p,^^^ o r]X = ip for each 

G C(X) and (a,6) C (0,1). 

2. Some technical results 

It is easy to check that for each ipi, ip2 G C{X), (a, b) C (0, 1), 7 G HMX c HX 

and Ai, A2 G R we have P{x,,p,+X2V2)(a.b) (l) = ^iP^Ka.t) (t) + •^2P!^,(„,,) (7)- As well, 
if <fi < ip2, we obtain p^'ico.i,) (7) — P<P2(a,b)i'y)- Since HMX is dense in HX, we 
obtain the following two lemmas. 

Lemma 2.1. For each ipi, ip2 G C'{X), (a, b) C (0, 1), 7 G HX and Ai, A2 G M we 

have P(\iipi+\2'P2)(a,b) (7) = >^lPvna,b) + >^2Pv2(a.b) (7)- 

Lemma 2.2. For each ipi, ip2 G C{X), (a, 6) C (0, 1), 7 G HX such that ipi < ip2 
we have p^p^^,,, (7) < P<P2ia.b) (7)- 

Lemma 2.3. Consider any v G HX and a closed subset B C X. Then v G HB 
*if Pvi(o,b) (^) ~ Pv2(a,b)i^) /'"^ ^^''^^ i^^b) C (0,1) and (pi, (p2 G C{X) such that 
Vi\b = f2\B- 

Proof. Necessity. The inclusion v G HB c HX means that there exists vo G HB 
with H{i){i'o) = I/, where i : B ^ X is the natural embedding. Hence, for each 
(a, 6) C (0,1) and ipi, (p2 G C{X) such that <^i|b = y:'2\B we have Pv'i(a,6)(^) = 

PV>10H^,,) (fo) = Pv20i^a.b) M = Pv2(a.b) (^)- 

Sufficiency. Wc can find an embedding j : B Y, where Y G AR. Define Z to 
be the quotient space of the disjoint union X UY obtained by attaching X and Y 
by B. Denote hy r : Z ^Y a. retraction mapping. 

Now take any v G HX C HZ with the property Pip-^^^^ ^) {i') = Pc^2(a i'^) ^^r each 
(a, 6) C (0, 1) and ^pi, ^2 G C{X) such that ipi\B = V2\b- We claim that H{r){v) = 
V. Indeed, take any ip G C{Z). Then Pv^^^^){H{r){i')) = Pipor^^^t-^iy) = p^^^^^^ii^) 
since (p o rjy = (p\y- Hence, u G HX Ci HY = HB. 

Lemmas 2.1 and 2.3 imply the next lemma. 

Lemma 2.4. Consider any v G HX and a closed subset B c X. Then v G FB 
iff P Via, b) i"^) — Z^*" i^^ b) (0' l) '^'^^ G ^(^) ^^c/i i/iai <p|s = 0. 

Lemma 2.5. Consider any v G iJX and x G X. Then x G suppj/ iff for each 
neighborhood O of x there exists a > such that p^p^g {u) > a for each ip G 
C{X, [0, 1]) such that iIj\o = 1. 
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Proof. Necessity. Suppose the contrary: there exists a neighborhood O of x such 
that for each a > there exists G C{X, [0, 1]) such that tp\o = 1 and p^^o,i) ('^) ^ 
a. Choose any function (p G C{X) such that (p\x\o = 0- Let \ip\ < M > 0. By 
our supposition for each e > we can choose € C{X, [0, 1]) such that tp\o = 1 
and PV'co.dM < JT- Since \(p\ < Mtp, we obtain P\.p\^„ ,,ii^) < mv-co.i) ('^) < ^ 
using Lemmas 2.1 and 2.2. Thus we have P\ip\^g ^^(i') < e for each e > 0, hence 
P\v\(oi)i'^) = 0. It is easy to check that P(p(o,i)(i^) = too. Then we have v G 
H{X \ O), hence x ^ supp ly. 

Sufficiency. Suppose x ^ suppz^. Choose a neighborhood O of x such that 
CIO n suppz^ = 0. There exists a function ^ e C{X, [0, 1]) such that tp\o = 1 and 
^Isuppi^ = 0. Then pi/,^^ (i/) = by Lemma 2.4. Thus, we obtain a contradiction 
and the lemma is proved. 

3. The main result 

For any natural number n G N by Kn we denote the finite compactuni { 1 , . . . , n} 
(with discrete topology). Define a G HM{Kn x Kn) C H{Kn x K,,) and P G 
HM{K„) C i/(ii:„) as follows a(s) = and /3(s) = i if s G ^) for i G ii:„, 
s G [0, 1). By pri : Kn x — >■ for Z G {1, 2} we denote the natural projections. 

Lemma 3.1. We have {H{pn))-'^{p) n (iJ(pr2))-^(/3) = {a}. 

Proof. Consider any 7 G (iI(pri))~-^(/3) n (iI(pr2))~"^(/3). Firstly, let us show that 
supp7 C suppa = {{i; G Kn}- Suppose the contrary. The there exist i,j G Kn 
such that i ^ j and G supp 7. Consider a function tp : Kn x Kn — > [0, 1] such 
that tp{i;j) — 1 and ijj{k;l) — for each (fc; /) 7^ By Lemma 2.5 there exists 

a > such that p^^^ (7) > a. For r G -ftr„ define a function : Kn — )■ M by the 
formula v'r(s) = 1 if r = s and (pr{s) — ii r ^ s. For k G {1, 2} and r G we 
consider the functions ip'^ — (pr o pr^ : Kn x i<r„ — > K. Choose a neighborhood 
of 7 defined as follows V = {7' G H{Kn x ii'n) | |pV(o,i)(7) - W(o,i)(7')l < f and 
|p . (7) - p (7') I < ^ for each fc G {1, 2} and r G Kn}. 

Consider any 71 G if MX n y. Since \p-,p^o.i)h) ~ PV-cci) < §> we have 
m{t G [0,1) I 71 (t) = {i;j)} > f- Hence there exists r G {l,...,n} such that 

™{ie(^'fr)l7iW = (i;j)}>^- 

If r 9^ « we have p^i ^ ^ (71) = >^.fr-i p].o"fi{t)dt < 1 — f . Butp^i ^ (7) = 

P^iopr^^^ ^^(7) = -Pv^,r^ ^) ° H(pri){j) = Pip^^r^ ^^(/3) = 1 and we obtain a 
contradiction with the definition of V . 

If r = i, then we have r =^ j and we obtain a contradiction using similar ar- 
guments for the second projection pr2 and the function (p^. Hence we have the 
inclusion supp 7 C suppa. 

Consider any ip G C{Kn x Kn) and (a, h) C (0, 1). Define V € C{Kn) as follows 
ijj{i) = p>(i;i) for i G ii'n and put i = ip o pri. Since supp7 C {(i;i)|i G Kn}, 
we have Pv(„ ^(7) = -P«(„,i,)(7) by Lemma 2.3. Then p^(„_^)(7) = Pvop'-i(a,6)(7) = 
PiPia,b)il3) ^ P-4,opri(a,b){a) = Pv(a.b)i'^)- Hence a = 7. 

Theorem 3.2. There is no natural transformation n : H"^ — > if such that fioHri = 
fiorjH =1h- 

Proof. Suppose that there exists such natural transformation. Let n G N. For 
i G Kn define G HM{Kn x Kn) C H{Kn x i4r„) as follows aj(s) = («;j) if 
s G ^) for j G Kn and s G [0, 1). We also define An G HM\Kn x i^n) c 
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H'^{Kn X Kn) as follows Anis) = tti if s G [^,^) for i £ Kn and s G [0,1). 
Put H^{pri){An) = Ci for I € {1,2}. Then we have Ci = H{riKn){P) and C2 = 
r]HKn{f3). Hence /zif„(Ci) = iJ,Kn{C2) = /3. Since /U is a natural transformation, 
we have ^ii'n X ii'„(Ai) € (i?(pri))~^(/3)n(iJ(pr2))~^(/3). Hence we obtain /i/r„ x 
-K'n(^n) = a by previous lemma. 

By D we denote the two-point set {0, 1} with discrete topology. For z G {!,... ,n} 
define -f^ G iJMD C HD as follows 7^(s) = 1 if s G [^,^) and 7i(s) = 
otherwise for s G [0,1). We also define Bn G HM'^D C iJ^Z) by conditions 
Bn{s) = 7i if s G [^^, ^) for i G {l,...,n} and s G [0,1). Consider a map 
/ : Kn X Kn — D defined as follows f{i;j) = 1 ii i = j and f{i;j) = otherwise. 
It is easy to see that Hf{An) = Bn- Since is a natural transformation, we have 
IJ,D{Bn) = Hf o nKn X Kn{An) = H f (o) = r]D{l). But it is easy to see that Bn 
converges to T]HD{r]D{0)) if n — > 00. Hence fxD is not continuous and we obtain a 
contradiction. 
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